For the calculation of gravity disturbance in the Earth's external gravity eld, the Stokes-Pizzetti integral is a commonly used method. However, when the target point approaches the Earth's surface, such problems as singularity and discontinuity arise due to the Stokes kernel structure itself. To settle the problems, rstly the reason for singularity and discontinuity was discussed, and then modication was made to the integral formula, by which the singularity at the surface point is eliminated. Finally the nonsingular integral formulas for the calculation of disturbing gravity were derived. In numerical experiments, an area in China was selected to test the modi ed formula. Numerical results show that the modi ed formula performs much better than classical Stokes-Pizzetti integral formula when dealing with the calculation of the radial component of gravity disturbance near the Earth's surface.
Introduction
On the basis of the classical Stokes theory and Molodensky theory, a lot of wide and deep research has been made on the calculation methods of the elements of the Earth's external gravity eld. The methods could be divided into two kinds: model approximation and algorithm approximation. The former includes the Stokes integral method, upward continuation method, etc., and those proposed in modern physical geodesy, like Molodensky solution, Brovar solution and analytical continuation solution. The algorithm approximation methods include the Bjerhammar solution, single layer density solution, point mass solution, least square collocation solution and spherical harmonics solution.
The Stokes integral method provides the external disturbing potential solution based on the boundary value problem of spherical gravity anomaly. (Heiskanen WA, 1967) described the principle for the calculation of gravity disturbance using the Stokes integral, along with the derivation of the formulas of the components of gravity disturbance. (Featherstone WE, 2003) proposed ve modi cation methods of the Stokes integral kernel, and he made comparisons and analyses on truncation error and accuracy of the modi ed integration kernel using Australian gravity observations. (Naja -Alamdari, 2006) derived two types of ellipsoidal correction formulae of the Stokes integration kernel. The Stokes integral is further applied along with the remove-and-restore technique (Yildiz et al, 2012) .
The upward continuation method belongs to the rst kind boundary value problem. In the method the Poisson integral is applied in the derivation of the external disturbing gravity potential using the gravity potential on the Earth's surface.
The Molodensky solution is based on the boundary value problem on the telluroid, from which the anomalous potential is represented as a single layer potential on the telluroid, and the gravity disturbance is calculated by converting the boundary conditions into integral equations. Based on the Molodensky theory, the Brovar solution also provides the gravity disturbance by solving the integral equation, and when the telluroid coincides with the sphere, the integral term in the integral equation becomes zero and thus the computation is simpli ed. As for the analytical solution, the surface gravity anomaly is continued onto the level surface of the computation point, and then the gravity disturbance is calculated using the Stokes integral. (Moritz H, 1979) presented in detail the basics and formulas for the above solutions. (Tziavos, 2013) analyzed the role the terrain correction term plays in the analytical continuation solution to Molodensky problem. (Sanso, 2017) proved the equivalence between the analytical solution and Bjerhammar solution and pointed out the di erence in connotation between the two solutions. (Hsu H, 1984) proposed the single layer density method from Bjerhammar theory for the computation of the external disturbing potential using virtual single layer density, which simpli es the integral kernel's structure. (Bjerhammar, 1987) presented the solution to the Bjerhammar's virtual sphere boundary value problem with the single layer density being parameter. (Sideris, 1986 ) discussed the use of FFT and therefore improves the calculation speed dramatically. As the discretization form of single layer density method, point mass method was more widely used in computations. (Rüdiger L, 1993) proposed the free-positioned point mass method, which is more exible, and (Miao L, 2014) described the four important parameters and their computations of the free-positioned point mass method. The point mass method has been discussed in literature on regional gravity eld modeling (Denker, 2013) due to its kernel's structure.
In the paper the main topic is focused on the singularity and discontinuity problem of the Stokes integral method in the calculation of gravity disturbance components when the computation point approaches or even coincides with the mobile point on the boundary surface. The paper aims at the improvement of the integral kernel in order to reduce the singularity and discontinuity problem in the computation of gravity disturbance when the computation point approaches the boundary surface from outside.
The integral method of the determination of external disturbing gravity potential based on Molodensky Problem
In the classical Stokes theory, the solution to the external disturbing potential T is founded on the sphere approximation of the Earth's surface, however the Molodensky theory deals with the following boundary value problem
The variables and symbols are illustrated in Fig. 1 
ψ is the spherical angle between the two radius of the computation point and the mobile point on the sphere. As the spherical approximation of the Earth's surface will result in deviations for terrain such as mountain area, in that case the ground gravity anomaly ∆g can be analytically continued to some level surface σ (Moritz, 1980) . Denote the gravity anomaly on the level surface as ∆g ′ , and then the external disturbing potential T can be formulated as follows
The discontinuity and singularity problem of the integral method near the Earth's surface (Heiskanen WA, 1967) presents the generalized Stokes formula that takes into the 0-th term
Take the notation
and the three components of gravity disturbance can be formulated as follows
From Figure 2 , r is the distance from the computation point to the mobile point on the boundary surface, and therefore when r is equal to 0 or near 0, then singularity problem will arise for Eq. (6)~(8).
On the other hand, take the notationS(ρ, ψ)= r + Q(ρ, ψ), and then Eq. (4) can be expressed as According to (Heiskanen and Moritz, 1967) , when the calculation point P approaches the surface layer, the derivative of T with respect to radius is similar to that of a single layer potential
From Eq.(9) the radial component of the gravity disturbance outside the boundary surface has the following expression
And when the computation point passes the surface of boundary, the limit of the radial component of gravity disturbance is δρ(P) P→P 
Comparing Eq. (12) and Eq. (13), the radial component of gravity disturbance is not continuous when the computation point passes the boundary surface from outside, which results in the discontinuity problem.
Improvement of the Stokes-Pizzetti Integral formula for the calculation of gravity disturbance
Using the orthogonal characteristic of spherical harmonics we have = , and denote the gravity anomaly at the spherical point P as ∆g P , and we have π ΣS (ρ, ψ)∆g P dΣ = − R ρ ∆g P (14)
Substitute Eq. (14) into Eq. (4)
Considering Eq. (9)
The rst term of the right part of Eq. (16) is the potential generated by a single layer, and it could be proved that its radial derivative is continuous when the computation point passes the sphere
Because ∆g(Σ) − ∆g P P=P = , from Eq. (17) 
Numerical experiments
For the test of the proposed method, a close-loop numerical experiment on the calculation of gravity disturbance was made. An area of 2 • ×2 • coverage in China was selected and the computation points are located in the grids of different altitudes with 2 ′ ×2 ′ resolution above the selected area, and therefore, the number of computation points are the same for each height level. Firstly, the three gravity disturbance components of each computation point were calculated using the EIGEN-6C4 gravity eld model which is truncated to degree and order 2160, which are taken as reference values or true values. The unit of the value of gravity disturbance is mgal (1mgal = 10 − ms − ).
Secondly, to calculate the gravity disturbances of grid points of di erent altitudes using the classical Stokes integral and the proposed method of the paper, ground gravity anomalies of 10 • ×10 • coverage were computed using the EIGEN-6C4 of 2160 d/o and then gravity anomalies of 2 ′ ×2 ′ resolution were generated using interpolation process, due to the fact that the EIGEN-6C4 model is equivalent to 5 ′ ×5 ′ resolution. Based on the generated gravity anomalies, the gravity disturbance of the computation points were calculated using the classical Stokes integral and modi ed Stokes integral method respectively.
For the computation points within di erent altitude grids, there are two kinds of gravity disturbance di erence: true values vs classical Stokes integral results, and true values vs modi ed Stokes integral method. Statistics were made based on the gravity disturbance di erence for each height level, which are shown in Figure 3 and Figure  4 , where δg λ , δg ϕ , δgr represents the longitudinal, latitudinal and radial component of gravity disturbance respectively. In the following gures, std is the short for standard deviation.
Comparing Fig. 3 and Fig. 4, Fig. 5 and Fig. 7, Fig. 6 and Fig. 8 , we can nd that the stds of δgr component difference between classical Stokes integral values and true values vary dramatically from near the surface to the altitude 10 km above the surface, and the stds of δgr component di erence between modi ed Stokes integral values and true values vary relatively smoother, which indicates a 
Summary
In the calculation of external disturbing gravity, the classical Stokes-Pizzetti integral is widely applied. However, it has such defects as singularity and discontinuity problem when the calculation point approaches the boundary surface very closely. The singularity problem is caused by the near 0 distance between the computation point and the mobile point on the surface and when the computation point approaches the surface, the rst-order derivative of disturbing potential with respect to normal is not continuous. In the paper, the reason for the singularity problem and discontinuity problem were theoretically illustrated by formulation.
The modi ed Stokes-Pizzetti integral formula was furthermore proposed. The proposed modi ed Stokes-Pizzetti integral formula is not only continuous when approximating the surface, but also has no singularity problem. Numerical results show that the modi ed formula performs much better than classical Stokes-Pizzetti integral formula when dealing with the calculation of the radial component of gravity disturbance near the Earth's surface. Numerical results also show that both the classical Stokes-Pizzetti integral and the modi ed Stokes integral have almost the consistent accuracy when used to calculate the horizontal components of gravity disturbance. It is recommended that the modi ed Stokes integral be used to calculate the gravity disturbance near the Earth's surface. 
